A bivertical classical field theory include the Newtonian mechanics and Maxwell's electromagnetic field theory as the special cases. This unification allows to recognize the formal ana Newtonian mechanics and Maxwell's electrodynamics.
of the New Quantum Mechanics (1983), a realistic theo unifying the classical and quantum physics.
The main ingredients of the classical physics are Newtonian mechanics and Maxwell's electrodynamics. These phenomenological theories are related to the diverse phenomena and are presented as disconnected in a separate courses, textbooks and monographs. The one aim of this paper is to exibits the formal analogies among these theories in the framework of the almost multisymplectic geometry, dΩ = 0.
We consider the bundle of the exterior differential forms, in mechanics of dimension 1 + 4n, in electromagnetism of dimension 4 + 20n, with the phenomenological not presymplectic differential form. Our theory is bivertical (definition 5) for arbitrary dimensional space-time manifold. We determine the four Poincaré-Cartan subbundles: hamiltonian, lagrangian and two new not-named subbundles. This leads to the twelve Legendre's transforms among these subbundles, of which two are the well known.
The field equations of considered bivertical theory for n = 1 reduce to that of Newton's equations and for n=4 to Maxwell's equations. This unification allows to see analogies among the notions of Newtonian dynamics and of Maxwell's theory. In particular, force field ↔ current, the London's equation in electromagnetism is an analogy of the harmonic oscilator force in Newton's dynamics, one can pose the Kepler's problem in Maxwell's electrodynamics by formal analogy to the Kepler's problem in mechanics, etc. In the nonlinear model we discuss the second order field equations.
The limited space do not allows to include here the discussion of the conservation laws, Noether currents, energy-momentum tensor, Poynting differential form etc., from the point of view of the presented formal unification.
It is a pleasure to thank Professor Constantin Piron for many inspiring discussion during the last 14 years of our friendship. The subject of the paper was presented in the fall 1992 at the University of Wroc law. Some aspects related to this paper are elaborated by Magdalena Gusiew in the diploma thesis (1993) . I am gratefull to Magdalena Gusiew and Grzegorz Jastrzȩbski for iluminating conversations. History. Multisymplectic geometry in classical field theory was initiated by Dedecker in 1953 and was developed in Warsaw by W lodzimierz Tulczyjew around 1968, and by Kijowski (1973 ), Gawȩdzki (1972 , Szczyrba and Kondracki (1979) . In Chechia by Krupka since 1975. See Kijowski and Tulczyjew (1979) .
∧k is the Grassmann F -algebra and graded Lie IR-algebra of multivector fields, W ∧0 T helef tGrassmannmultiplication(analgebramap),e:Λ −→ linΛ, is e α β ≡ α ∧ β, e for exterior. Then i denote the interior product, i : W ∧ −→ linΛ, which is anti-algebra map. |α| ≡ grade α ∈ IN and ψ denote the automorphism of Grassmann algebras, ψα ≡ (−1) |α| α.
I. Axiomatique classique Vertical distribution and filtration of forms
Let E be a manifold with the distribution Ver ⊂ W which is said to be the vertical distribution.
and we have the filtration of forms
Let Ver be the submodule of the differential one-forms anihilating Ver
Definition 2 The differential form α on {E, Ver} is said to be vertical if
Let for α ∈ Λ, Dist α be the associative distribution of α,
The form α is decomposable iff
There is the one to one correspondence between the (vertical) distributions and one-dimensional modules of decomposable forms. We will identify
where the decomposable form θ is defined up to the multiplication b F E . The distribution Ver is locally integrable iff dθ is 1-vertical and then {E, θ} is locally fibered,
Classical field theory Definition 3 .
(i) The classical field theory is a triple {E, Ver, Ω}, where Emanif old, VerisadistributionandΩ is a differential form on E such that |Ω| = 1 + codimVer > 1.
(ii) The submanifold φ of E is said to be the solution (the space-time manifold) of {E, Distθ ≡ Ver, Ω} if for every vector field Z on φ * θ = 0 and φ * i Z Ω = 0. (1) (iii) The field theory {E, Ver, Ω} is said to be regular i integrable distribution Hor tangent to the solutions of the the equations (1 is complementary to Ver, Hor ∩ Ver = 0 and W = Hor ∪ Ver.
Comment. The field theory is regular if every solution φ (1) is transversal to Ver and dimφ = codim Ver ≡ |θ|.
The form Ω determine the F -linear map
(ii) Let {E, Ver, Ω} be regular, codimVer ≡ |θ|Ω be a cocycle (so Ω is symplectic). Then dim ker Ω = 1, (=⇒ dim E =odd).
Comment. If |θ| = 1, then a cocycle Ω is regular iff dim ker Ω = 1. The |θ| = 1 refers to mechanics and the property to be regular is said to be the classical determinism 3 .
Example. Regular field theory {E, θ, Ω} need not imply that dim ker Ω = 1. Let dim E = 1 + 4n with a chart {t,
, then dΩ = 0, dim ker Ω = 1 + 2n and this mechanics {E, θ, Ω} is regular.
Proof of Proposition 1. The integrable distribution Hor ⊂ W tangent to the solutions of the field equations (1) needs to sa the two conditions
The last condition imply dim ker Ω = 1 =⇒ dim Hor ≤ |θ|.
It follows that Hor ∩Ver= 0 and dim Hor = |θ| ≡ codim Ver, which complete the proof of (i).
Let Ω be a cocycle. Then the associated distribution, ker Ω ⊂ isintegrable.If -θ| = 1, then Hor= ker Ω is integrable and the regularity of Ω imply that dim ker Ω = 1.
Corollary 2 (Gawȩdzki 1972) Let {E, Ver, Ω} be regular field theory. Then it is sufficient to consider the field equations (1) for vertical vector fields only,
Proof. Let the distribution Hor be as in the proof of the Proposition 1 We need to show that Ω(Ver ∧ Hor ∧|θ| ) = 0 =⇒ Ω(W ∧ Hor ∧|θ| ) = 0. This is the case if W = Hor ∪ Ver and Hor ∧(1+|θ|) = 0.
, Ω 0 ≡ Ω} be collections of maximal submanifolds and differential forms defined by the conditions
Definition 4 .
(i) The submanifold Ψ → E is said to be the pre-symplectic manifold of {E, θ, Ω} if Ψ is a maximal submanifold anihilating dΩ,
The presymplectic manifold Ψ is said to be symplectic if the field theory {Ψ, Ψ * θ, Ψ * Ω} is regular. The regular cocycle Ψ * Ω is said to be the symplectic form on {Ψ, Ψ * θ}.
(ii) The submanifold P → Ψ → E is said to be Poincaré-Cartan submanifold (exact presymplectic) if P is a maximal submanifold on which Ω is exact, P * θ = 0 and P * Ω = dα.
The presymplectic potential α ≡ Ω 1 is said to be the Poincaré-Cartan form. If the field theory {P, P * θ, dαregularthenα is said to be the regular Poincaré-Cartan form.
(iv) The submanifold Ψ 4 → P → Ψ → E is said to be the Hamilton-Jacobi manifold if Ψ 4 is a maximal submanifold on which the Poincaré-Cartan differential form is exact,
The potential Ω 2 is said to be the Hamilton-Jacobi differential form, |Ω 2 | = |θ| − 1. The equations in (iii-iv) are said to be the Hamilton-J equations.
On presymplectic submanifold Ψ * Ω is a cocycle, the action integral Oziewicz 1992) and the field equations of the definition 3 are the Euler-Lagrang
The (pre)symplectic Ψ and Poincaré-Cartan P submanifolds are known as the phenomenological material relations (p = mv, Kepler problem etc) and are discussed in the last sections.
Jacobi in 1838 proved that in mechanics the lagrangian and the HamiltonJacobi submanifolds, Ψ 2 and Ψ 4 , are the families of solutions, φ → Ψ 4 and φ → (P • Ψ 4 ) → Ψ 2 . The coordinate-free proof is in (Oziewicz and Gruhn 1983) . The extension of the Jacobi theorem beyond mechanics is not known.
The dimensions of submanifolds are given for the phenomenological field theory (13) and follow from the considerations in the part II, see formulas (17) (18) . 
Hamilton-Lagrange field theory
Definition 5 The field theory {E, Ver, Ω} is said to be k-vertical if 0 = dΩ ∈ Λ (k) and dΩ ∈ Λ (k−1) or if dΩ = 0, Ω ∈ Λ (k) and Ω ∈ Λ (k−1) . Kondrack (1978) . The notion of the k-vertical field theory is essential for the theory of the Poincaré-Cartan forms if Ω ∈ Z and for the Hamilton-Jacobi theory if Ω ∈ Z.
Comment. For a cocycle Ω this definition was introduced by
Note that
In the section calculus with the splitting we are showing that (see the definition 10 and corollary 3)
Let the distribution Ver be integrable. In this case
Let the field theory {E, Ver, Ω} be k-vertical. Then the splitting µ determine ν and vice versa. Locally
loc dω,
The form ω is determined modulo (k −2)-vertical forms. On Poincaré-Cartan submanifold, P → E, Ω and f are exact,
and
Depending on the choice of f in (3), the potential F could coincide (up to t sign) with the hamiltonian H or with the lagrangian L (see the next sections freedom in the decomposition (2-3) allows to see more possibilities.
If
dF=P * f, allows to express P * ω in terms of the partial derivatives of F wrt the basis of the
This motivate the definition Definition 6 Let the distribution Ver be integrable and Ω ∈ Z.
(i) Let 2 ≤ k ≤ |dΩ| and let the field theory {E, Ver,dΩ ∈ Λ (k) and dΩ ∈ Ω (k−1) . Then the F P -module Λ |θ| (k−2) is said to be the module generating the Poincaré-Cartan forms.
(ii) The field theory {E, θ, Ω} is said to be the Hamilton-Lagrange field theory, abbreviated by HL, if the F P -dimension of the generating module of the Poincaré-Cartan forms is 1.
For HL field theory the Poincaré-Cartan form is determined by one (pseudo)-scalar function, (lagrangian, hamiltonian,. . .).
Lemma 2 The field theory {E, Ver, Ω ∈ Z} is HL iff dΩ is bi-vertical, dΩ ∈ Λ (2) .
Proof.
Partial derivatives of vertical forms. Note that dim{Λ |θ|+1
(1) } = dim Ver.
We will suppose that the modul Λ |θ|+1 (1) , on E as well as o submanifold P, is generated by the differentials of the homogeneous vertical forms (of different degrees), Λ
has the unique de
In particular the generating set {dw A } determine the partial derivatives of the highest degree vertical forms
II. Phenomenology Phenomenological field theory
Let {q A , v A , p A , f A ; A ∈ I ⊂ IN} be a collection of the vertical differential forms on {E, Ver}. Newton's and Maxwell's phenomenological equations as well as of electrostatics and magnetostatics have the form
The differential forms {q (6) are independent, as they are determined by independent experiments. The phenomenological material relations among these fields are the consequence of the further independent measurements. This was stressed by Newton (1686) and Maxwell. After Lagrange it became customary to present the Newton's equations (as well as of electrodynamics, A = j) as the second order from the begining, contrary to the original Newton's presentation. Also Piron stressed (e.g. in Piron's Lectures on electrodynamics, 1989) that the equations (6) should not presuppose the material relations.
The phenomenological material relations are the equations for the (pre)-symplectic submanifold of the field theory {E, Ver, Ω} (definition 4 (i)), and are discussed in the next sections.
The aim is to determine the most general regular field theory {E, Ver, Ω} which field equations (1) coincide with the experimental one (6). The different field theories with the same set of the first ord equations (6), will leads to the different (pre)symplectic submanifolds and therefore to the different second order equations considered in the part III. Denote
The solutions φ (6) anihilate the ideal generated by {ϑ A , ω A }, therefore for the regular field theory we need the equality of the ideals, 
AB } is the collection of a vertical differential forms such that
Define the dimension of the form as the dimension of the factor module,
One of the necessary condition for the implication (9) ⇒ (6) is
Definition 7 The field theory {E, Ver, Ω} with Ω of the form (9) is said to be the phenomenological field theory.
Because Ω is IN-homogeneous then
In mechanics |K| = |Γ| = |χ| = 0. The conditions ∀ A |ω A | ≥ |ϑ A | and |K| = |χ| = 0, determine the unique grades for mechanics and string theory and n possibilities for |θ| = 2n − 1 and 2n. In this case χ can contribute in mechanics and magnetostatics only.
|θ| |q| |v| |p| |f| |Γ| 1 0 1 0 1 0 mechanics 2 0 1 1 2 1 strings 3 0 1 2 3 2 electrostatics 1 2 1 2 0 magnetostatics 4 0 1 3 4 3 Klein-Gordon scalar fields 1 2 2 3 1 electromagnetic field
If {K, Γ, χ} are the vertical cocycles then the field theory (13) is HL, dΩ is bivertical, and
Effectively the "momenta-induction" and "force-current" are rotated and translated by "connection Γ", a natural description of the velocity-dependent forces,
The phenomenological symplectic mechanics (9) without of the χ-terms has been considered by Jadczyk and Modugno (1992) . Consider HL field theory
The 1-vertical differential forms {h, l, s, t} are defined by the decompositions (see formulas (2-3)),
Explicitely h ≡ dp
Remark.
If E is fibered and the differential forms {q A , v A , p A , f A } are the Louville's forms, considered in the next section, then the differential form Ω (13) is regular and imply the field equations (6).
Louville's differential forms
Let M be a manifold and for p ∈ M, T * p M be the vector IR-space of exterior forms at p. Let
There exists the unique Louville's differential k-form and has the local form
The Louville's differential forms of arbitrary degree has been introduced by Tulczyjew in 1979. The Louville's forms are vertical wrt θ ≡ π * vol Let the manifold E be the bundle, E π −→ M, of the exterior forms of different degrees on the manifold M,
} be a collection of the Louville's forms on E. If λ is a Louville's differential form on E then according to the definition (14-15),
The field theory {E (17), π * vol M , Ω (13)} is regular and imply th field equations (6). From formula (11) we get the dimensions, dimE, listed in the Table after the definition 4. The Louville's forms {K, Γ, χ}, for simplicity, are not included in E (17). The Louville's forms {K, Γ, χ} in (9) contribute to dimE. In mechanics with (9), |θ| = 1, dimE = 1 + 4n + 2n 2 − n.
Poincaré-Cartan submanifolds
Consideration of this section are the same for the case of presymplectic and Poincaré-Cartan submanifolds. To be specific we will consider only Poincaré-Cartan submanifolds, definition 4 (ii), and only for the case when E is a bundle of exterior forms (17) with the conditions (12). Let the bundle E be splitted with the fiber-preserving projectors π P/C ,
Let the subbundles P and C be of equal dimensions, dim Ver (14) on E is The Poincaré-Cartan submanifold P → E is a subbundle of E with dimP = dim P = dim C. Let π P |P be the fiber-preserving isomorphism. Then P will be identified with the injection P : P → P ⊂ E, π P • P = id P , and ϕ ≡ π C • P : P −→ C, is a fiber-preserving bundle map. If θ ≡ π * vol M then P * θ ≡ θ ∈ Consider the splittings of the bundle E for which Ω have the form (compare with the decomposition (2-3) )
On Poincaré-Cartan submanifold the form dπ * P α ∧ π * C β is exact,
The differential forms {Ω, h, l, s, t} (12-15) are exact on Poincaré-Cart submanifold P → Ψ → E. In particular the hamiltonian H and the lagrangian L are the differential forms on different Poincaré-Cartan subbundles and are defined as the potentials,
The compositions, say L ≡ P −1 h • P l etc, are sa to be the Legendre's transforms. With the help of the identities (16) the Legendre's transforms allow to calculate, for example, the lagrangian L for th given hamiltonian H,
Therefore, modulo cocycles
The Poincaré-Cartan forms α, dα ≡ P * Ω, can be expressed in terms of L, H, S, and T if we identify the decompositions (14-15) with (19) (20) .
III. Field equations
The Hodge's map
We give slight generalization of the Hodge's map for the manifold with the distribution Ver ⊂ W. When θ = vol (⇔ Distθ ≡ Ver = 0) then this generalization collapse to the usual one. The formulas in the lemma 4 do not suppose that the scalar product g is symmetric.
By definition the form θ is decomposable therefore
If α ∈ Ver ∧ and |α| = |X| then
Consider the factor module W/Ver as the dual to Ver and let Z ∈ (W/Ver) ∧|θ| be such that θZ = 1. Let g, k and their pull-backs (a transpositions) g * , k * be F-linear maps g, g * : Verθ −→ W/Ver, k, k * : W/Ver −→ Ver θ.
For α and β in Ver, g(α ⊗ β) = g * (β ⊗ α), g and k need not to be symmetric (as in Oziewicz 1986). The extension of maps (28) to Grassmann algebra maps (Ver) ∧ −→ (W/Ver) ∧ is denoted by the same letters.
Definition 9 The F -linear maps * ≡ * (g,θ) and
are said to be the Hodge's maps with θ ≡ * 1 and θ Lemma 4 .
The function g(θ ⊗ θ) ∈ F E is said to be the θ-determinant of g,
Calculus with the splitting
Let ∀ X ∈ W, ∇ X be a zero-grade derivation of the tensor algebra such that ∇ X |F ≡ X. The derivation ∇ X factors to the derivation of exterior algebra, ∇ X ∈ derΛ. For form α, the composition e α • ∇ X is a (skew) derivation of Λ,
The splitting of the Definition 3 (iii) determine the bigradation (IN × INgrading) of Λ = ⊕Λ p,q , with the projectors π p,q , Λ p,q ≡ π p,q (Λ p+q ). Every derivation of grade +1, is determined by values on generators {F , dF}, and therefore is decomposed as the sum of four bigraded derivations.
Definition 11
The operator D ≡ γ µ •∇ µ : Λ → Λ is said to be the splittingdependent Dirac operator.
When Ver = 0 then D collapse to the usual Dirac operator.
Let Ver ≡ span{ε µ } and Hor≡ span{h µ }, where
Because of (27) we have D = ♥ + δ where δ is a (splitting-dependent) codifferential,
Using Lemma 4 [(i) and (ii)] we calculate
If the Hodge's map is parallel, ∇ * = 0, and T ♥ = 0 (28), then ♥ = d V and the codifferential has the form
If Hor is integrable then d 
Legendre's transforms

Let {q
A , q A , . . .} be the collection of the vertical forms, |q A | = |q A |, and let
With the help of formula (v) in the lemma 4 we calculate
If f, g ∈ F then
This is no more valid for arbitrary grade. The formula (v) of lemma 4 suggest th simplifying assumption
θ is a cocycle and α and β are the vertical differential forms on which d = d V . Let θ be a cocycle. With the help of (31-32) we get
Every vertical form of highest grade can be expressed in terms of the independent vertical forms. In particular the hamiltonian, H ∈ Λ |θ| (0) , can be expressed in terms of {p A , q A }. Consider the example
More general expressions are possible. Looking at the 
Denote
